In this paper, some new families of integral trees with diameters 5 and 6 are constructed. All these classes are infinite. They are different from those in the existing literature. We also prove that the problem of finding integral trees of diameters 5 and 6 is equivalent to the problem of solving some Diophantine equations. The discovery of these integral trees is a new contribution to the search for such trees.
Introduction
The notion of integral graphs was first introduced by F. Harary and A.J. Schwenk in 1974 (see [7] ). A graph G is called integral if all the zeros of the characteristic polynomial P (G, x) are integers. The 23rd open problem of reference [4] is about trees with purely integral eigenvalues. All integral trees with diameters less than 4 are given in [1, 4] . Results on integral trees with diameters 4, 5, 6 and 8 can be found in [1, 2, 4, 5, 7, 8, 9, 10, 11, 12, 13, 14, 15, 18, 19, 20, 21, 22, 23, 24] .
Various families of integral balanced trees were studied in [1, 4, 5, 7, 8, 9, 11, 12, 14, 19, 20, 21, 22] . A tree T is called balanced if the vertices at the same distance from the center of T have the same degree. Balanced trees split into two families according to the parity of the diameter. We shall code a balanced tree of diameter 2k by the sequence (n k , n k−1 , · · · , n 1 ) or the tree T (n k , n k−1 , · · · , n 1 ), where n j (j = 1, 2, · · · , k) denotes the number of successors of a vertex at distance k −j from the center. Let the tree K 1,s •T (n k , n k−1 , · · · , n 1 ) of diameter 2k be obtained by identifying the center w of K 1,s and the center v of T (n k , n k−1 , · · · , n 1 ). Let the tree T [m, r] of diameter 3 be formed by joining the centers of K 1,m and K 1,r with a new edge, and let the tree T t [m, r] of diameter 5 (or T t (r, m) of diameter 6) be obtained by attaching t new endpoints to each vertex of the tree T [m, r] (or T (r, m)). Integral trees of diameters 5 and 6 were studied in [1, 2, 9, 11, 12, 13, 14, 15] and [1, 2, 8, 9, 11, 12, 14, 15, 18, 19, 20, 21, 22] .
Infinitely many integral trees T t [m, r] of diameter 5 were first constructed by R.Y. Liu in [14] . Later Z.F. Cao obtained general results on these classes by using the solutions of some Pell equations in [2] , and then Y. Li obtained more general results on these classes by using the solutions of some more general quadratic Diophantine equations in [13] . Integral trees T t (r, m), T (r, m, t), and K 1,s • T (r, m, t) of diameter 6 were investigated in [1, 2, 8, 9, 11, 12, 14, 15, 18, 19, 20, 21, 22] . In this paper, some new families of integral trees with diameters 5 and 6 are constructed. All these classes are infinite. They are different from those in the existing literature. We also prove that the problem of finding integral trees of diameters 5 and 6 is equivalent to the problem of solving some Diophantine equations. The discovery of these integral trees is a new contribution to the search of such trees. We believe it is useful for constructing other integral trees.
Firstly, we shall give some lemmas on graphs, the first three of which can be found in [5] . For notations and terminology, we refer to [5] . 
). The following Lemmas 1.4, 1.5 and 1.6 can be found in [6] , [11] and [18] , respectively.
Lemma 1.4. If G•H is the graph obtained from G and H by identifying the vertices
where G v and H w are the subgraphs of G and H induced by V (G)\{v} and V (H)\{w}, respectively.
Lemma 1.6.
A graph G is called a rooted graph if one vertex u of G is distinguished from the rest. The distinguished vertex u is called the root-vertex, or simply the root. Let r * G be the graph formed by joining the roots of r copies of G to a new vertex w, and let K 1,r • G be the graph obtained by identifying the center z of K 1,r and the root u of G. The following Lemmas 1.7 and 1.8 can be found in [20] .
Proof. It is easy to check the validity by Lemmas 1.1 and 1.2.
Proof. It is easy to check the validity by Lemmas 1.4 and 1.5.
Secondly, we shall give some facts in number theory. For notations and terminology, we refer to [3, 17, 25] .
Let d be a positive integer but not a perfect square, m = 0, and m be an integer. We shall study the Diophantine equation
If 
Clearly, we know that
is also a solution of Eqn. (1) . Then this solution and
(1) are associate, then we denote them by
It is easy to verify that the associate relation ∼ is an equivalence relation. Hence, if Eqn.(1) has solutions, then all the solutions can be classified by the associate relation. Any two solutions in the same associate class are associate each other, any two solutions not in the same class are not associate.
The following Lemmas 1.9, 1.10 and 1.11 can be found in [3] or [25] . Lemma 1.9. A necessary and sufficient condition for two solutions (1) to be in the same associate class K is that
, by Lemma 1.9, we have that 
, if m > 0, 
where n is an integer, and [3, 16] or [17] .
Lemma 1.12. Let d (> 1) be a positive integer but not a perfect square. Then there exist solutions for Eqn.(2), and all the positive integral solutions x k , y k of Eqn.(2) are given by
x k + y k √ d = ε k ,(5)for k = 1, 2, 3, · · · , where ε = x 0 + y 0 √ d is
the least positive solution of Eqn.(2). Suppose that
Then we have that εε = 1 and
Lemma 1.13. Let u, v be the least positive solution of Eqn.(2), where d(> 1) is a positive integer but not a perfect square. Then the Pell equation
has solutions if and only if there exist positive integral solutions s and t for the equations
and moreover s and t are the least positive solutions of Eqn.(7).
The following Lemmas 1.14 and 1.15 can be found in [16] and [25] , respectively. Lemma 1.14. Suppose that Eqn. (7) (1) All the positive integral solutions x k , y k of Eqn. (7) are given by
, and x k , y k can be defined by 
be the least positive integral solution of Eqn. (10) . Then all positive integral solutions x n , y n of Eqn. (10) are given by
Then ε 1 ε 1 = 1 and
Integral trees of diameter 5
In this section, we shall construct infinitely many new integral trees of diameter 5. They are different from those in the existing literature. 
has only integral roots. Proof. Note that the vertex u is the center of the tree K 1,s • T (m, t), and the vertex v is the center of the tree T (q, r). Suppose that
Than, by Lemma 1.1 we know that
By Lemmas 1.5 and 1.6, we have
Thus, the theorem is proved.
The following Corollary 2.2 can be found in [1] . Proof. Since q + r = t, by Theorem 2.1 we get that (i) q = 1, t is a perfect square, that is, t = t 2 1 .
(ii) q > 1, t and r are perfect squares, that is, t = t 2 1 and r = r 2 1 .
(1) By Eqn. (13), condition (i) and q + r = t, we get that
Assume that ab = x, s + 1 = d, t = t 2 1 = y 2 . Then Eqn. (14) can be changed into Eqn.(7). Hence, by Lemmas 1.13 and 1.14, Eqn. (13) and Eqn. (14) , it is easy to check the validity of (1) of Corollary 2.4.
(2) By Eqn. (13), condition (ii) and q + r = t, we get that
Assume that r = r 2 1 = e 2 f 2 , s = de 2 , t = t 2 1 = f 2 y 2 and ab = ef x, where a, b, d(> 1), e, f and k are positive integers, and d is not a perfect square. Then Eqn. (15) can be changed into Eqn. (2) . Thus, by Eqn. (13), condition (ii) and q + r = t, and Lemmas 1.12 and 1.14, it is easy to check the validity of (2) of Corollary 2.4. 
Note that we obtain the smallest integral tree [K 1,2 • T (3, 4)] T (3, 1) of diameter 5 in this class. Its characteristic polynomial is
For ( 
Proof. It is easy to check the validity by Corollary 2.3 or (3) of Corollary 2.4. 
Corollary 2.6. If q + r = t, then the tree [K 1,s • T (m, t)] T (q, r) of diameter 5 is integral if and only if there exist natural numbers a, b and c such that
Proof. It is easy to check the validity by Theorem 2.1 or Corollary 2.6.
Remark 2.9. From Theorem 2.1, we know that it is important to find positive integral solutions of the following Diophantine equations (16) satisfying one of the following four conditions:
(i) m = 1 and q = 1.
(ii) m > 1, q = 1, t is a perfect square. (iv) m > 1, q > 1, t and r are perfect squares. 
Thus, when q + r = t, m > 1 and q > 1, t and r are perfect squares, that is, t = t 2 1 and r = r 2 1 , we know that the problem is equivalent to solving the following Diophantine equations (17) .
Hence, we raise the following Question 2.13. 
Proof. It is easy to check the validity by Lemmas 1.1, 1.5 and 1.6.
Corollary 2.15. The tree
[K 1,s • T (m, t)] [K 1,p • T (q, r)] of diameter 5
is integral if and only if the equation
has only integral roots. r) ] of diameter 5, we can see the following results. [2, 13, 14, 15] . We simply list some examples from [2, 13, 14, 15] . The following Example 2.16 can be found in [2, 13] . (7), and let x k , y k be defined by Eqn. (9) (6) . 
Integral trees of diameter 6
In this section, we shall construct infinitely many new integral trees of diameter 6. They are different from those in the existing literature. Proof. It is easy to check the validity by Lemmas 1.5, 1.6, 1.7 and 1.8.
The following (2) of Corollary 3.2 can be found in [2, 14] or [22] . 
